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THE MINIMUM WEIGHT DESIGN OF VIERENDEEL FRAMES

YOSHITSURA YOKOO and TSUNEYOSHI NAKAMURA

Department of Architecture, Kyoto University, Kyoto, Japan

Abstraet-The present paper proposes a general analytical method of finding the linear minimum weight design of
Vierendeel frames consisting of prismatic members of constant cross-section. The new concept of the "frame
moment" which has been introduced by Tanabashi and Nakamura to the minimum weight design of tal! multi­
story multi-span building frames is shown to be useful and effective also for Vierendeel frames. Minimum weight
designs are obtained for simply-supported and clamped Vierendeel frames, in simple and explicit forms. The
principal advantage of the analytical solutions is that the general intrinsic features of the minimum weight designs
can be revealed. A method of modifying the designs for the effect of axial forces is indicated.

1. INTRODUCTION

THE problem of minimum weight design of structural frames has been investigated by a
number of authors since Foulkes [1] established the general theorems. Although the linear
theory of minimum weight design of structural frames consisting of prismatic members of
uniform cross-section has drawn considerable attention, previous investigations are mostly
concerned with computational techniques [2-7], except Ref. [8]. While numerical methods
are quite general, case by case numerical solutions would hardly clarify the general intrinsic
features of the frames designed for minimum weight. A general solution even to a restricted
class of frames, however, will reveal the intrinsic features of the class if obtained analytically
and will also serve for practical purposes. From this point of view, the junior author has
established in a simple and explicit analytical forth the linear minimum weight design of a
broad class of tall multi-story multi-span building frames subjected to large lateral forces
[8]. In the present paper, a general method of finding the linear minimum weight designs is
proposed for simply-supported and clamped Vierendeel frames based upon the concept of
the "frame moment" [8].

A Vierendeel frame considered here consists of horizontal upper and lower chord
members and vertical members as shown in Fig. 1. Each joint is assumed to be rigid enough
to transmit the fully plastic moment of any member framing into it. All the assumptions
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FIG. I. Simply supported Vierendeel frame.
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usually introduced in the linear theory of minimum weight design are also made here. The
problem considered here may be stated as follows: Given the center line dimensions of a
Vierendeel frame and a set of static loads to be carried as shown in Fig. I, what fully plastic
moments should be assigned to the members of uniform cross-sections in order to sustain
the loads and to make the linear weight function a minimum? For the sake of simplicity, the
paper considers the case where all the external loads act only upon the joints. Some local
modification may be necessary if, at some subspans, the inter-span loads are not small
compared to the subspan shear.

While a multi-span multi-story frame subjected to lateral loads may be regarded as a
cantilever as a whole, a Vierendeel frame may be clamped and externally indeterminate. The
weight function must therefore be minimized with respect to the unknown redundant
reaction that governs the subspan shear.

2. EQUATIONS OF EQUILIBRIUM IN TERMS OF FRAME MOMENT

Consider first a simply-supported Vierendeel frame off subspans or panels. Joints and
vertical members are numbered from 0 through f from left, whereas chord members, from I
throughf as shown in Fig. 1. Let II , 12 , ..• and If denote the panel lengths, respectively and h,
the height of the frame. Let A j , Cj (j = 1,2, ... ,f) and Bj (j = 0, 1,2, ... J) denote the
fully plastic moments of the jth upper and lower chord members and of the jth vertical
member, respectively, from left.

Due to the assumption that all the external loads act upon the joints only, the end
sections are the only potentially critical sections. In view of the overcomplete collapse
mechanism for the minimum weight design of tall multi-story frames, it is natural to expect
also that the minimum weight design of the Vierendeel frame be included in such a class of
designs that correspond to extremely deteriorated overcomplete collapse mechanisms in
which plastic hinges have formed at all the potentially critical sections as shown in Fig. 2. It
should then be observed that, since all the end sections attain their fully plastic moments
respectively, under such a special circumstance, the number of unknown end moments is
equal to the number of members, provided that their signs are properly chosen. There are
then (2f + 1) independent equations ofjoint equilibrium andfequations ofsway equilibrium
for the (~f+ 1) unknown fully plastic moments and the problem may be said to be statically
determinate. The essential problem is then reduced to how the directions of end moments
should be determined.
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FIG. 2. Assumed overcomplete collapse mechanism.
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The concept of "frame moment" is not only useful for a proper choice of end moment
signs but also convenient for understanding the simple beam character of the Vierendeel
frame. In view of the linearity of the equations of equilibrium in terms of plastic moments
without any slope-continuity requirements, the moment diagram at collapse may be
regarded as a composite consisting of the f constituent unit moment diagram shown in Fig.
3. A unit diagram is to be characterized by the particular moment distribution shown in Fig.
4 with the four corner values ofequal magnitude. Such a unit moment diagram is completely

FIG. 3. Assumed moment diagram at collapse.
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FIG. 4. Decomposed moment diagram for the definition of "frame moment".

defined by this equal corner moment except the direction of the corresponding shear force.
The corner moment associated with this moment distribution is called "frame moment M;"
for the ith rectangle. The positive frame moment is defined here to be the one that corres­
ponds to a clockwise couple of vertical shear forces Qi in analogy to the usual shear force
sign convention. Then Qi is related to M; by

4M; = liQ;

The fully plastic moments may be expressed in terms of M i as follows:

A j = Cj = 1M) (j = 1,2'00',1)

B; = IMi+Mi+11 (i = 1,2'00.,1-1)

Bo = 1MII, Bf = IMfl.

(1)

(2)

In the present case of externally statically determinate frame, Qi and hence Mi are immedi­
ately determined by the external loads. If the plastic moments are assigned to the members
in accordance with equations (2), the moment distribution satisfies all the equations of
equilibrium without violating any yield conditions and corresponds to the overcomplete
collapse mechanism. Hence this is indeed a complete solution in the theory oflimit analysis.
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(3)

Because of the statical determinacy* in the sense stated above, there remains no further
freedom for minimizing the linear weight function

G = 2g L I(li + h)Mil = ig L I(li + h)/iQil,

(g: proportionality constant)

as far as the minimum weight solution is included in the assumed class of collapse mechan­
isms. Geometrically speaking, there is only one vertex determined by equations (I) and (2) in
a (3f+ I)-dimensional plastic moment space. In order to prove that this solution is indeed the
minimum weight design, it is necessary to show that a Foulkes mechanism can be formed at
this vertex. Otherwise, the minimum weight design has not been included in the assumed
class of collapse mechanisms and another vertex must be sought at which the weight
function can have a smaller value.

3. MECHANISM CONDITION

Smce W+ I) members may be assigned different plastic moments in this problem, the
Foulkes mechanism condition may be stated as follows [IJ:

A frame of minimum weight design must be able to collapse in an overcomplete collapse
mechanism consisting of (3f+ I) independent alternative mechanisms, such that, for
every member,
L (Hinge rotations in a member) = a common constant x the length of the member.

When a Foulkes mechanism is to be constructed for a regular rectangular frame, it should
first be observed that number of groups of members have the same lengths, respectively. All
the vertical members of a Vierendeel frame have the same length h, whereas a pair of lower
and upper chord members have the same length Ii' A pair oflower and upper chord members
can have the same amount of hinge rotations, if the corresponding plastic hinge rotations
are the same, respectively. A pair of the same hinge rotations can be produced not only by
the vertical displacement of a pair oflower and upper joints but also by the rotations of such
a pair ofjoints of the same magnitude and direction. Ajoint rotation causes a hinge rotation
in a vertical member framing into the joint. Since all the vertical members have the same
length, the plastic hinge rotations at the ends of every vertical member must be of the same
magnitude, their directions being always consistent with the moment distribution deter­
mined above. With these observations, a Foulkes mechanism may be constructed as follows:

If the given vertical loads are relatively large compared to the horizontal shear resultant,
there exist a pair of adjacent chord members between which the vertical shear changes the
direction. Let m denote the index ofthe joint and the vertical member between such a pair of
chord members. The moment distribution in this mth vertical member depends upon
whether IMml ~ IMm+ 11. Figure 2 shows the mechanism corresponding to the case where
IMml > IMm+ II· Let !/JI denote the angle of clockwise rotation of the (m + 1) joints from left

* The authors are grateful to a referee for calling their attention to the recent paper by Megarefs and Sidhu [10]
which was published at about the same time as the present manuscript was submitted. The referee has pointed out
that this statical determinacy is similar to the concept of "optimally determinate design" in [10]. It should be noted
that the present paper will be concerned with a problem of spatially discrete variables of minimizing the absolute
area of a subspan shear diagram with respect to only one of the two redundant reactions, whereas Magarefs and
Sidhu have dealt with the problem of minimizing the absolute area of the moment diagram for a frame with
continuously varying cross-section.
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and r/J2, the angle of counterclockwise rotation of the remaining f - (m + 1l joints. Let r/J0
denote the clockwise angle of horizontal sway of vertical members. Then the Foulkes condi­
tion can be satisfied through the (f+ 1l vertical members if

2(r/J 1- r/Jo) = he, 2(r/J2 + r/Jo) he. (4)

where e is a positive proportionality constant. Let 0h = 1, ... , m) and 0k(k = m+ 1, ... J)
denote the angles of hinge rotation due to the vertical displacements of joints whose direc­
tions are to be consistent with the moment distribution. The Foulkes condition requires

2fJj = lje

20m+I +r/JI+r/J2 lm+le

2fJk Ike.

The equation of compatibility of the collapse mechanism:

m f

I (OJ+r/Jillj- I (Ok+r/J2)lk
j=1 k=m+1

o

(5)

(6)

(7)

(8)

must further be required in order to satisfy the condition of the external supports. Equation
(8) is new and was not necessary in Ref. [8J because the overall external supports of a multi­
story frame may be regarded as a cantilever. The (f+ 3) unknown angles r/Jo, r/Jl' r/J2' OJ and
Ok can be determined by the (f+3) equations of (4), (5), (6), (7) and (8). If the sum of the two
equations in (4) is substituted into equation (6), Om + 1 is given by

Om+ I = 1<Im+ 1 -h)e. (9)

Since all the hinge rotations must be non-negative in order to be consistent with the moment
distribution, equation (9) requires

(10)

It may now be concluded that the Foulkes condition is indeed satisfied by the assumed
mechanism shown in Fig. 2 for those frames where equation (10) is satisfied and hence that
the minimum weight design is indeed given by equations (1) and (2).

If the vertical shear does not change its direction due to a relatively large lateral shear,
then equation (6) will not be necessary and hence a simpler Foulkes mechanism may readily
be constructed.

For frames with h > lm+ I , it is apparent that the assumed angles of plastic hinge rota­
tion exceed lm+ 1e even if Om+ 1 = O. In order to decrease the sum of the hinge rotation, it
seems unavoidable that the angle of rotation of the mth joint be decreased from r/J l' This
change, however, would then result in violation of the Foulkes condition which had been
satisfied for the mth vertical member. The latter difficulty may be resolved if the mth vertical
member is assigned Bm = 0 so that any arbitrary amount of plastic hinge rotation within
the member becomes permissible. In order to maintain the equilibrium of moments about
the mthjoint after this change, it is necessary that the left end moment of the (m + l)th chord
members be equal to IMml. Since the vertical shear remains the same, the moment diagram
for the (m + 1)th chord members must have the same slope as before. The right end moments
must then be equal to IMm+tI-{IMml-jMm+11} = 2IMm+1I-IMml < IMml as shown in
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FIG. 5. Modified moment diagram at collapse.

Fig. 5. The weight change may be written as

2{IMml-IMm+d}(lm+ I -h) < O.

Thus the weight is indeed decreased. Let the angle of clockwise rotation of the mth joint be
!J;,w The Foulkes condition will remain satisfied if

(11 )

(12)

If the sum of the two equations in (4) is subtracted from the sum of equations (11) and (12),
then

The range of validity of this modified design is therefore given by

Im+1m+ I Z h. (13)

It should be remarked that the mth vertical member in this modified design has lost the role
as a bending-resistant member and simply behaves as a strut which transmits half the
vertical load to the lower chord members.

4. CLAMPED VIERENDEEL FRAMES

A clamped Vierendeel frame shown in Fig. 6 is characterized by its external indetermin­
acy together with its end constraints against lateral sway. The circumstance that the vertical
shear in each subspan is not statically determinate and dependent upon the redundant
reaction, say R 1 , in Fig. 6, indicates that the weight can be minimized with respect to R I •

Because of the end constraint against sway, on the other hand, the Foulkes mechanism in
Fig. 2 must be so modified as to exclude the angle !/to.

The concept of the frame moment is again helpful for the minimization process with
respect to the redundant reaction and enables one to regard the Vierendeel frame as a beam.
Any moment distribution represented by a set of frame moments satisfying (1) provides a
complete solution since it satisfies all the equilibrium equations, does not violate any yield
conditions and corresponds to an overcomplete collapse mechanism. The corresponding
design may readily be obtained from the frame moments as given by (2). Let D denote the
set of all the designs that can be described by frame moments only. Assuming first that the
minimum weight design Dmin for a frame is included in D, the linear weight is minimized
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FIG. 6. Clamped Vierendeel frame.
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with respect to the redundant reaction and the necessary conditions are found. In order to
prove that Dmin is indeed the minimum weight design among all the designs including those
which can not be described by the frame moments only, it must be shown that the overcom­
plete collapse mechanism corresponding to Dmin satisfies the Foulkes condition. It may
then be shown that the necessary conditions defining essentially the region of applicability
of Dmin are equivalent to the conditions of nonnegative hinge rotations in the Foulkes
mechanism. In this way the necessary and sufficient conditions for the minimum weight are
found. There are frames, however, for which these conditions are violated only locally. This
indicates that the minimal solution for such a frame has not been included in D. Because of
the local violation of the Foulkes condition, however, it is natural to expect that a local
modification on Dmin obtained as above will suffice to achieve a different minimal solution.
It will be shown through three successive modifications that a local modification on the
moment diagram and the corresponding hinge pattern of the Dmin indeed leads to a different
minimal solution whose region of applicability is mutually exclusive and compensating
with the previous design.

Design-I

For most practical purposes, it may be assumed that the vertical loads act only down­
ward so that the corresponding transverse shear diagram is monotonically non-increasing
with the shape as illustrated in Fig. 7. The weight function given by equation (3) indicates
that, for a special case of equal subspan Ii = I, G is proportional to the area of the IQil
diagram. It may readily be shown that iff~ IQ(x)1 dx (where Q(O) - Q(x) is a given continuous

decreasing weight
M = 0m

decreasing weight

FIG. 7. Variations of the weight with respect to the redundant reaction R!.
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monotonic function) is to be minimized with respect to the end value Q(O), then Q(l/2) O.
Although the Q;-diagram in the present problem is of a staircase shape, it is natural to
expect that a minimizing Qi-diagram would analogously contain a subspan with Qi = 0 as
illustrated in Fig. 7. Let 11 be an assumed index of the subspan for which Qn = O. Then the
weight may be written as

(14)

In view of Fig. 7 and the assumed monotonous variation of Qi-diagram, it is apparent that G
tends to decrease as 11 is increased from 1 in equation (14) and also decrease as n is decreased
from.f. There must therefore be a minimizing index number m between 1 and f

Apparently, any variation of the reaction R t corresponds to a simple downward or
upward translation of the Qi-diagram. An increase tiR 1 increases Qj (j = I, ... , m- I) by
tiR l , respectively and decreases IQkl(k = m + 1, ... ,f) by tiR 1 , respectively. The corres­
ponding variation in the weight may be calculated from the variations of the moment dia­
gram as indicated by the dashed lines in Fig. 8(a). It should be noted that since Qm = 0, the
moment is zero through the mth chord members. Let AG 1 and AGz denote the weight
variations for tiR l > °and for -ARt, respectively. In view of the circumstance that, since

r=~l~;"-
'i'..--/ \....tL

(b)

(c)

FIG. R. (a) Variations of the moment distribution for Design-I. (bl Corresponding collapse mechanism for
the s; OJ :::; time. (c) Collapse mechanism for -the s; OJ :::; the.

the shear direction of tiQm 1 is opposite to tiQm+ 1, the weight decrease in the (m + l)th
vertical member due to AQmjust cancels with the weight increase in the mth vertical member
and vice versa, the weight variations are given by

If the moment diagram shown in Fig. 8(a) is to correspond to the minimum weight design
for a given frame, then AG l ~ 0 and AGz ~ 0. The necessary condition may be compactly
written as

-I; :s; L(m) :s; I; (15)
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where
J m-l

L(m) = I (h+h)lk- I (lj+h)lj'
k=m+l j=l

(16)

L(m) is a discrete-valued function of the subspan index m and is characterized by the center
line dimensions of a frame. It is therefore appropriate to call it the "shape function" for the
frame. Although this function has been introduced here for the convenience of describing
the weight variations, it will be shown later that L(m) is closely related to the angle of
rotation of the mth chord members in the corresponding collapse mechanism.

The moment diagram may also be varied under the same subspan shears. The only
possible variation for the mth chord members is the constant moment distribution pattern
similar to Fig. 9(a). This variation results in the necessary condition:

(17)

(b)

modified
mechani sm

FIG. 9. (a) Variations of the moment distribution for Design-II, (b) Corresponding modified collapse
mechanism.

For those frames for which (15) and (17) are satisfied, the minimizing Qi-diagram belonging
to the index m immediately determines the design through (1) and (2). In particular, Am = em
= 0 in this case. This design will be called Design-I.

In order to prove the sufficiency of (15) and (17), it must be shown that the Foulkes
condition can be satisfied in the corresponding collapse mechanism. Because of the lateral
constraint, t/Jo = 0 and equation (4) are reduced to

t/JI = t/Jz = t/J = ih0. (18)

The conditions (5) and (7) must remain satisfied except at the mth chord members. Figures
8(b) and (c) show two of the three possible patterns of hinge formation for Design-I. The
angle of clockwise rotation of the mth chord members is obtained from the equation of
compatibility for the mechanism as

w = iL(m)0/lm • (19)

The conditions of non-negative hinge rotations in the mechanism shown in Fig. 8(c) are
t/J - w ;:::: 0 and t/J +w ;:::: 0, from which the following inequalities are obtained.

-ih0 ~ w ~ ih0. (20)
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Similarly, the conditions w + ljJ s 0 and w -ljJ ;:::: 0 for the mechanism in Fig. 8( b) lead to

thE> s w (2U

whereas the third case similar to Fig. 8(b) but just reversed, leads to

w s -thE>. (22)

Since the particular circumstance of Am = Cm = 0 permits any increase in the amount of
hinge rotations by assuming arbitrary plastic hinges within the chord members, the Foulkes
condition can be satisfied if the total sum Om of hinge rotations for an mth chord member is
not greater than ImE>. Hence

Om = 21wl S ImE>,

Om = 2ljJ S ImE>

for Fig. 8(b) and

for Fig. 8(c).

Thus the Foulkes condition can be satisfied if hand ware within the rectangular region
defined by -timE> s w S timE> and h s 1m on an (h, w)-plane, which consists of the three
subregions defined by (20), (21) and (22). These conditions obtained by the kinematical
consideration precisely coincide with (15) and (17). It may therefore be concluded that the
existence of the subspan index m satisfying (15) and (17) for a given set of centerline dimen­
sions of a frame is the necessary and sufficient condition for the Design-I belonging to m to
be the minimum weight design. In those frames for which h > 1m, Om is in excess of ImE> and a
different design must be sought.

Design-II
The state of Qm = 0 does not necessarily imply Am = Cm = 0 if designs other than in D

may be considered. Figure 9(a) shows a constant moment distribution through the mth
chord members, corresponding to the magnitude of which the plastic moments of the
(m -1)th and the mth vertical members are decreased. This modification may be regarded
as a process of shifting min{ Bm- I , Bm} to the mth chord members due to the circumstance
h > 1m. Figure 9(a) shows the case where min{Bm- j , Bm} = Bm. If the modified values of the
plastic moments are indicated by a bar, the modified design may be written as

Am = em = Bm, Em- j = Bm- I -BnJ' Em = O. (23)

The amount of weight decrease compared to Design-I is given by 2(h -Im)min{ Bm - I, Bm }·

This design will be called Design-II. If the moment diagram shown in Fig. 9(a) is to corres­
pond to the minimum weight design, any change ofredundant reaction R j must increase the
weight. The smallest possible weight variations as R j is changed by dR I are illustrated by
the dashed lines in Fig. 9(a) for dR I > 0 and -dR j and may be expressed as

dG I = ±gdRd-L(m)+hlm+(h-lm)lm+ d
dG2 = tgdRdL(m)-(h-lm)(lm+lm+d+I;}.

The necessary condition for the minimum weight is therefore given by

(24)

Variations of the moment diagram without any change in the Qcdiagram may again be
considered. The variations with respect to a simple downward translation of the moment
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diagram of the mth and (m + l)th chord members and to an upward translation of the dia­
gram of the mth chord members lead to the following inequalities

(25)

Since the necessary conditions have been obtained with respect to the restricted class of
variations, the sufficiency must be proved by constructing a Foulkes mechanism.

In view of the moment diagram shown in Fig. 9(a), the mechanism similar to the case
Fig. 8(c) is the only possible one. Since 12m 2t/J = hE> > ImE>, 12m must be decreased. 12m can
be decreased if the angles of rotation of the mth joints are decreased by t/Jm and simultane­
ously an additional upward displacement 15m of the mth joints are considered as shown in
Fig. 9(b). This modification is permissible since the apparent decrease of the plastic hinge
rotation in the mth vertical member with Em = 0 can be compensated by considering an
arbitrary plastic hinge within the member. It may then be readily shown that the Foulkes
condition can be satisfied if

t/Jm (h-lm)E>;::::O and bm=1(h-lm)lm+tE>;::::O. (26)

Since all the hinge rotations must be non-negative, the following inequalities must be
satisfied in view of Fig. 9(b).

t/J w+bm/lm ;:::: 0, t/J-t/Jm+ w - bm/lm;:::: 0, 0m+t- bm/lm+t;:::: 0, 0m+t- bm/lm+t +t/Jm ;:::: 0

(27a-d)

(27a,b) and (27c,d) together with (26) may be shown to be reduced to (24) and (25), respec­
tively. The existence of the subspan index m satisfying (24) and (25) for a given frame is the
necessary and sufficient condition for the Design-II belonging to m to be the minimum
weight design.

Design-HI

A different minimizing shear diagram must be sought for a frame for which there does
not exist the index m satisfying (15) and (17) or (24) and (25). It should be pointed out here
that both Design-I and Design-II have included a member whose plastic moment is zero.
The plastic moment of the mth vertical member may be zero not only in the case of Design-II
but also if M m+M m+ 1 = 0 and hence if Qmlm +Qm + tim + t = O. The corresponding shear
force diagram to this case crosses the zero line at the position of the joint m. This condition
determines the shear force diagram and the frame moments uniquely. Variations of the
moment diagram depend upon whether h ~ 1m and h ~ Im + 1 as indicated in Fig. 10(a) and
(b) by dashed lines for LlR 1 > 0 and for -LlR 1 , respectively. If this moment diagram is to
render the minimum weight, the necessary conditions may be written as

L(m);:::: h(lm+1m+d 1",lm+1

L(m) :::; h(lm+1m+ 1)+ I;,
L(m):::; lm+l(lm+1m+d+l;

if h :::; 1m

if h ;:::: 1m

if h :::; Im + 1

if h ;:::: lm+ I' (28a-d)

The collapse mechanism corresponding to the moment diagrams shown in Fig. 10(a)
and (b) must be similar to that shown in Fig. 8(b). Since 12m = 2w L(m)E>/lm ;:::: lmO, from
(28a,b), however, 12m must be decreased. With this motivation, the mechanism shown in Fig.
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I
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(a)

FIG. 10. (ai. (bl Variations of the moment distribution for Design-III, (c) Corresponding modified collapse
mechanism.

10(c) may be considered in which the angle of rotation of the mth joints has been decreased
by tfi", and simultaneously an additional upward displacement b", of the mth joint has been
considered. These quantities may be so determined that the Foulkes condition is satisfied.

b =m

(w-l[ 0)
+1 2m >0
Im+1m+t -,

(29)

It may readily be confirmed that the conditions of non-negative rotations on the four plastic
hinges shown in Fig. 10(c) and!/I tfim 2: th0 are equivalent to the four inequalities
(28a-d). The existence of the index number m satisfying (28a-d)is therefore the necessary
and sufficient condition for Design-IIT to be the minimum weight design.

Design-IV

Design-II and Design-III have included respectively one vertical member whose plastic
moment is zero. It is natural then to look for a design such that the plastic moments of two
vertical members, say the (m - I)th and mth, are zero and such that, except in the mth sub­
span, the moment distribution is described by the frame moments. This condition deter­
mines the Q;-diagram and the corresponding moment diagram uniquely as shown in Fig.
lila).

Qm+ t = Qm Pm' etc (30)

The dashed lines in Fig. 11(a) show two of the four possible variations of the moment
diagram resulting in the smallest weight changes, one for L\R 1 > 0 and the other - L\R I' It
may be shown that, if this moment diagram is to correspond to the minimum weight design
for a frame, the shape function must be within the following region.

L(m) ~ (h Im)(lm+l",+d-I;"

L(m) ~ 1",+ l(l", 1+21",+/",+ 1)+1",1", 1 -hU", 1 +/",)

L(m) 2: -h(/", 1 +1",1+1", 11",

L{m)2:(h-I",Hlm +I"'+l) 1;'.-1"'1(1", 1+21",+lm +l)

ifl",+lm + 1 ?:h

if I", + I'll' Ish

if I", 1 +1", ? h

if I", 1+I",sh.(3Iad)
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(a) (b)

FIG. II. (al Variations of the moment distribution for Design-IV, (b) Corresponding collapse mechanism.

Figure II(b) shows the corresponding Foulkes mechanism in which

- L(m) + Im- 11m +h(lm+ 1 -lm- d/2 8
l/Jm = 1m- I +2Im+lm+1 '

28m- I = Im-18-(l/J-l/Jm-d, 28m+1 = Im+t 8-(l/J-l/Jm)'

l/Jm :::; l/J, l/Jm-I :::; l/J.

l/J = ~h8 (32a-e)

(33)

The two conditions (33) are necessary for the two vertical members to satisfy the Foulkes
condition and may be shown to be reduced to (31a,b), respectively. The conditions of non­
negative hinge rotations: 8m-I;::::: 0 and 8m+ I ;::::: 0 are on the other hand reduced to (31c,d),
respectively. It may therefore be concluded that the existence of the index m satisfying the
inequalities (31) for a frame is the necessary and sufficient condition for the Design-IV to be
the minimum weight design for the frame when Qm :::; O.

It is apparent that the foregoing procedures of constructing the minimum weight designs
may be extended and continued to those frames which have not been covered here.

5. EXAMPLES

Consider a class of frames with equal subspan length I and with h = 1·51. The shape
function L(m) may readily be obtained as follows:

L(m) = (l+h)1 or -(l+h)1

L(m) = 0

if f is even, and

if f is odd.

Figure 12 shows the regions of applicability of the four designs for the class of frames with
1"'-1 = 1m= Im+I.Foraframewithanevennumberofequalsubspans,thelinew = (l+h)/2
lies entirely within the region of Design-III as far as 0 :::; h :::; 21. For a frame with an odd
number of equal subspans, the line w = 0 lies within the regions of Design-I, -II or -IV
depending whether h :::; I, I :::; h :::; 31/2 or 31/2 :::; h :::; 51/2, respectively. The two designs for
h = 1·51 are indicated by the two circles in Fig. 12.

Figure 13 illustrates the two moment distributions at collapse for the two minimum
weight designs of a Vierendeel frame, one for simply supported ends and the other for
clamped ends. In observing the difference between the two designs, it should be noted that
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L(m)

22 1-2- 9,0

0 0

1 (15) Frame with
_ )t2 - -2- 20 odd number of

equal subspans

- 22 2 - W

3
- 3,iL2 - -2- 20 ------------------..--------

FIG. 12. Regions of applicability of the four designs for frames with 1m _ 1 1m 1m + 1 .

1

1

1
4P

FIG. 13. The minimum weight designs and the corresponding moment diagrams at collapse of simply
supported and clamped Vierendeel frames with equal subspan length.

the cost ofexerting the damping forces and the effect ofaxial forces have not been taken into
account here.

6. EFFECT OF AXIAL FORCES

More realistic designs may be obtained by modifying for the effect of axial forces the
minimum weight designs which have been obtained in the preceding sections. The fully
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(35)

plastic moment M P for a cross-section must be such that the axial force N and the bending
moment M acting upon the section do not violate the interaction yield condition. For
example, the yield condition for an idealized sandwich section may be represented by

M PN N
-+-+1 = 0 (34)M P - N P -

where M PN and N P denote the fully plastic moment under the presence of N and the fully
plastic axial force under the absence of M, respectively. The plastic moments Ai, Bi and Ci

obtained in the preceding sections are M PN in equation (34). As soon as N i associated with
MfN of a sandwich member is determined, M P defining the section may be obtained from

Mf = MfN + ~rlNil = MfN +~HiINil
I

for a choice of the depth Hi of the sandwich section. The axial force distribution correspond­
ing to the moment diagram at collapse of a simply supported frame may immediately be
calculated by statics and therefore the modified design may be obtained uniquely [9].

For a clamped frame, however, the axial force distribution depends upon the remaining
redundant reaction, i.e. the overall fixed end moment when the frame is regarded as a
clamped-clamped beam as a whole. Consider as an example a frame in Design-I. One of the
axial forces, say N m of the mth lower chord member (m being the minimizing index in
Design-I) may as well be taken as the redundant force. Then in view of the moment diagram
shown in Fig. 8(a), the axial force in the lower chord members at collapse may be expressed
in terms of N m as follows:

2 m-l

Nj = N m - h .L (Mi+Mi+tl
1=)

2 k

Nk=Nm+ h L (Mi-1+Mi)
i=m+ 1

1 ~j~m-l

m+l~k~f (36)

The axial force in an upper chord member takes on the same magnitude as the correspond­
ing lower chord member with the opposite sign. The axial force in the ith vertical member is
simply given by ipi . If the weight of the frame may again be assumed to be proportional to
M P

, then N m may be so determined, for a prescribed set of Hi'S, as to minimize

(37)

where

1 J
GNV = -h L Ps

2 s=o

m-l J

GNC = L H)jINjl+HmlmINml+ L HklklNkl
j=l k=m+l

(38)

Since the minimum of G has already been achieved separately, it is reasonable to minimize
GNC alone with respect to N m under the known set of frame moments, although the mini­
mizations in the two separate steps may not necessarily provide the minimum of the modi­
fied weight as a whole. The minimum of GNC may however be expected to provide a good
upper bound on the minimum of the moditied weight since the state of stress resultants so
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determined will satisfy all the equations of equilibrium, will determine a modified design
just satisfying all the interaction yield conditions and hence may correspond again to an
extremely deteriorated overcomplete collapse mechanism consisting of those plastic hinges
which are governed by the plastic potential flow law associated with (34). It should be noted
that the axial force diagram for chord members is of a staircase shape and coincide, when
multiplied by h, with the overall moment diagram of the clamped-clamped beam only at the
midspans of subspans. While Megarefs and Sidhu [1OJ are concerned with the minimum
volume design of beams and frames with continuously varying cross-section, the present
problem of modification is to minimize the absolute area of the axial force diagram of
staircase shape weighted by H r's with respect to one of the two redundant forces, or in other
words, with respect to an up- or downward translation of the diagram. This is therefore
quite similar to the previous problem of minimizing the absolute area of a subspan-shear
diagram for G and the technique used in Section 4 may be applied, with the precaution that
N; and N k are both monotonically nonincreasing from m toward 1 and f, respectively.

7. CONCLUSION

A general analytical method of constructing minimum weight designs has been pro­
posed for Vierendeel frames. It has been shown that the new concept ofthe "frame moment"
which has been introduced by Tanabashi and Nakamura [8J is useful and effective for
understanding the overall beam character of a Vierendeel frame and for constructing its
minimum weight design. It should be noted that the linear minimum weight design of an
externally determinate Vierendeel frame is statically determinate without regard to its
internal indeterminacy. The weight of an externally indeterminate frame has been mini­
mized with respect to the external redundant forces. The four classes of designs obtained in
simple and explicit analytical forms have sufficiently revealed the general intrinsic features
of the linear minimum weight designs of clamped Vierendeel frames. The necessary and
sufficient conditions for the minimum weight have been given in terms of the "shape
function" introduced in the present paper. The minimum weight design of a clamped
Vierendeel frame is almost generally such that each clamped end is to carry the vertical
loads on those joints included in its respective half-span. It appears that this feature is
essentially due to the circumstance that the cost ofexternal supports has not been compared.

The present method is general enough to be extended to those clamped Vierendeel
frames which have not been covered in this paper. The present apJ.;roach and technique may
also be applied in a fairly straightforward manner to continuous Vierendeel frames and
other regular rectangular frames.
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A6cTpaKT-B HacTOHmeH pa60Tc npellJJaraeTCH 06UlHH aHamITH'IeCKHH MeTOII JUIHeHHoro paC'IeTa Ha
MIIHIIMYM Beca paM BllpeH.l:(emI, COCTOHWHX 113 npIl3MaTII'IeCKHX 3JIeMeHTOB nOCTOllHHoro nOnepe'lHOrO
Ce'leHlIlI. HOBaH H.L\ell "paMHoro MOMeHTa", npeJlJJOJKeHHali TaHa6aWH II HaKaMYPoH K paC'IeTY Ha
MHHIiMyM Beca BblCOTHblX MHOr03TaJKHblX Ii MHOrOnpOJJeTHblX paMbIX 3.L\aHHH, OKa3bIBaeTClI nOJIe3HOn Ii
3!P<l>eKTIiBHOH, TaKJKe JlJJH paM BHpeHJlCJIa. npellJJHraeTClI paC'IeTbl Ha MHHHMyM Beca .L\JllI CBo60.L\HO
onepTbIX H 3ameMJleHHbIX paM BHpeH.L\eJIli B npOCTOM H KOHeJJHOM bl.(ye. rJIaBHbIM JlOCTOHHCTBOM aHaJiIiT­
II'IeCKIfX pemeHIfH OKa3bIBaeTCH TO, 'iTO o6Wlfe xapaKTepHbIe cnoco6bI paC'ieTa Ha MHHHMyM Beca MoryT
6bITb npellCTaBJJeHbl B npocTon !popMe. !-l.aeTclI, TaKJKe, MOTOll paC'ICTa nplf y'lcTe 3!p!peKTa oceBblX CIfJI.


